In this paper, we prove local controllability of a one-dimensional nonlinear wave equation, with control functions on the right hand of the eqution, using the inversion theorem.
Introduction
In this paper, we present a result related to the following local controlability problem for the nonlinear one-dimensional wave equation. We consider the following nonlinear equation:
where F (x, t) = ( 
(t).
The problem of local controlability can be formated in the following way: in time T > 0, we propose to drive the system from its initial state u(x, t)| t=0 = 0, u t (x, t)| t=0 = 0 to a given final state u(x, t)| t=T = χ 1 (x), u t (x, t)| t=T = χ 2 (x) by mean of the action of control functions f and g.
In order words, for fixed T > 0, find control functions f and g such that the solution u of the equation satisfies the conditions u(x, t)| t=T = χ 1 (x), u t (x, t)| t=T = χ 2 (x). To prove the existence theorem of controls, we use the properties of solutions of a linear problem and the local inversion theorem in the linear and quasilinear cases, the same results was established respectively in [1] and [2] . In nonlinear case, similar results have been established in [3] .
Statement of the problem and notations
. In order to state in a rigorous way the problem, we need to remember some results established in [1] and [2] . Let u = u(x, t). Consider the problem
where 
(ii) u satisfies the initial conditions (3) a.e. in Γ; (iii) u satisfies the boundary conditions (3) a. e. in I; (iv) u satisfies the conditions (4) a.e. in Γ.
Theorem 1 ([2], p. 402)
. There exists a unique solution for which u is a solution of the problem (1) − (4).
Remark 1 Let
) is a solution of the mixed problem (1) − (4)}, 
Formulation of the main result
Let u −→ ν(u) ∈ C 4 (R); with a function of two real variables, x ∈ Γ and t ∈ I, such that:
Consider the problem
where F (x, t) = (
. The main result of this paper is the following. 
Theorem 2 If conditions (5) are satified, then there exits a unique solution
(u, f, g) on a neighborhood of zero in H 4 (Q T ) × H 3 (I) × H 4 (I) for small enough (χ 1 , χ 2 ) ∈ H 5 (Γ) ∩ H 1 0 (Γ) × H 4 (Γ) ∩ H 1 0 (Γ).
Differentiability of Nemwisk operator
Proposition 3 The operator N : H 4 (Q T ) −→ H 3 (Q T ), u −→ N (u), where [N (u)](x, t) = ν(u(x, t)) is differentiable in H 4 (Q T ) and [N (u)û](x, t) = ν (u(x, t))û(x, t).(10)
Proof.
First of all, let us prove that the operator N mapps H 4 (Q T ) into H 3 (Q T ).Suppose that u ∈ H 4 (Q T ). Then according to the embedding theorem, we have
and
In this case
In the same way, we can estimate
Similarly, we can estimate
Finaly, let us estimate
This implies
dxdt. We can, in the same way, estimate the following expressions:
All these results together with (11) and (12) imply that
and let us prove that
in H 3 (Q T ). Considering subsequences, we can assume that
We can see that
almost everywhere on Q T and that
uniformly with respect to θ ∈ [0, 1] . Using twice Lebesgue theorem, we obtain:
Next, using the inequality (a + b + c) 2 ≤ 3 a 2 + b 2 + c 2 , we have
Let us note that, in view of (11) and (12) in all of three obtained expressions, the last term can be estimated by û k 2 H 4 (Q T ) . In view of Lebesgue theorem, the other terms are integrals converging to zero when k→ ∞.
unifomly with respect to θ ∈ [0, 1] . In view of (11) and (15),
a.e. with respect to (x, t) ∈ Q T and
unifomly with respect to θ ∈ [0, 1]. Similarly
We next have:
We get
Thus we obtain
dxdt can be estimated. In the same way, we are able to estimate the following terms:
which all contain terms ∇ (u) and ν (4) (u). We then deduce (14). Hence, the operator N is differentiable, and the proof of proposition is complete.
Proof of the main result
Consider the operator ξ :
We know that ξ is differentiable. Moreover,ξ(0) = 0,and, since
Hence according to the theorem 1 and, by the inversion theorem, there exist open neighborhoods of zeros U 1 ⊂ H and V ⊂ H 3 (Q T ) such that the operator ξ is C 1 -diffeomorphism from U 1 to V 1 ;and the operaor η = ξ −1 : V 1 −→ U 1 is also a C 1 −diffeomorphism. The operater P :
is obviously differentiable on some neighborhood of zero in H 3 (Q T ) × H 3 (Q T ).Let V 2 be this neighlorhood V 2 ⊂ V 1 . We wish to show the existence of (f, g) ∈ V 2 such that u(x, t) = η[( 
